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Section 1 

10 marks  

Attempt questions 1-10 

Use the Multiple-choice answer sheet for questions 1-10  

 

 

1.  Which expression is equal to   
( )2
dx

x x− +

⌠

⌡

  ? 

 

A.  1sin ( 1)x c− + +   

B.  1sin (1 )x c− − +   

C.  1sin ( 1)x c− − +   

D.  
1 1sin

2
x c− +  + 

 
  

 

2.  What are the equations of the directrices of the hyperbola  9𝑥𝑥𝑥𝑥 = 8 ? 

 

A.  16
9x y+ = ±   

B.  4
3x y+ = ±  

C.  16
9x y− = ±  

D. 4
3x y− = ±  

 

3.  The cubic equation 3 23 4 1 0x x x− + − =  has roots , ,α β γ  .   

     Which equation has roots 
1 1 1, ,
α β γ

 ? 

 

A.  6 4 24 3 1 0x x x+ − − =   

B.  6 4 24 3 1 0x x x− + + =  

C.  6 4 24 3 1 0x x x+ − + =  

D.  6 4 24 3 1 0x x x− + − =  

 

 2 



4.  Which graph best represents the curve 
2

1
36 9

y
x

=
−

 ? 

A.       B. 

    
C.       D. 

    
 
 
 
5.  Given that  𝑥𝑥  is a negative integer , which of the following is equivalent to  𝑖𝑖4𝑥𝑥−1? 

 

A. 𝑖𝑖 

B. −𝑖𝑖 

C.  1 

D.  −1 
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6.  The diagram below shows the graph 𝑦𝑦 = log𝑒𝑒 𝑥𝑥.   The region bounded by  𝑦𝑦 = 3 ,  

 𝑦𝑦 = log𝑒𝑒 𝑥𝑥 , 𝑦𝑦 = 0 and  𝑥𝑥 = −2  is rotated about the line  𝑥𝑥 = −2  to form a solid. 

 
 Which integral represents the volume of the solid formed? 

A.  
3

2

0

( 2)ye dyπ +∫   

B.  
3

2

0

( 2)ye dyπ −∫  

C.  ( )
log 3

2

log 2
e

e x dxπ
−

+∫  

D.  ( )
log 3

2

log 2
e

e x dxπ
−

−∫  

 

7.  

 
 In the diagram above, the point 𝐴𝐴 represents the complex number 𝑍𝑍.       

 The point 𝐵𝐵 is represented by the complex number  :  

 

A.  (1 − 𝑖𝑖)𝑍𝑍 

B.  (1 + 𝑖𝑖)𝑍𝑍 

C.  1 + 𝑖𝑖𝑖𝑖 

D.  1 − 𝑖𝑖𝑖𝑖 
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8.  Consider the graph of  𝑓𝑓(𝑥𝑥) = 𝑥𝑥𝑛𝑛+1 + 𝑥𝑥𝑛𝑛+2 + 𝑥𝑥𝑛𝑛+3 + ⋯+ 𝑥𝑥2𝑛𝑛   where 𝑛𝑛 is an integer and 

 𝑛𝑛 ≥ 2.  The graph has a horizontal point of inflexion if  𝑛𝑛  is : 

 

A.  even  

B.  odd 

C.  a multiple of 3 

D.  a prime number 

 

 

 

9.  If  1 − 𝑖𝑖  is a root of a polynomial 𝑃𝑃(𝑥𝑥) which has complex coefficients, then :  

 

A.  𝑃𝑃(1 + 𝑖𝑖) = 0 

 

B. 𝑃𝑃 ′(1 − 𝑖𝑖) = 0  

  

C. 
1

𝑃𝑃(1−𝑖𝑖)
= 0  

 

D. 𝑃𝑃�√−2𝑖𝑖 � = 0  

 

 

10.  The general cubic equation 𝑎𝑎𝑥𝑥3 + 𝑏𝑏𝑥𝑥2 + 𝑐𝑐𝑐𝑐 + 𝑑𝑑 = 0  where 𝑎𝑎, 𝑏𝑏, 𝑐𝑐 and 𝑑𝑑 are real numbers 

 can only have one real solution if  : 

 

A.  𝑏𝑏2 > 3𝑎𝑎𝑎𝑎  

B.  𝑏𝑏2 < 3𝑎𝑎𝑎𝑎 

C.  𝑏𝑏2 ≥ 3𝑎𝑎𝑎𝑎 

D.  𝑏𝑏2 ≤ 3𝑎𝑎𝑎𝑎 
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Section II 

90 marks  

Attempt questions 11-16 

Start each question on a NEW piece of paper  

 

 

Question 11 (15 marks)  

Use a new sheet of paper. 

 

 

(a)  Let  𝑧𝑧 = 3 − 2𝑖𝑖  and  𝑤𝑤 = 2 + 3𝑖𝑖 . 

 

(i)  Find  𝑤𝑤 − 𝑧𝑧 .          1 

(ii)  Express  
|𝑧𝑧|
𝑤𝑤

  in the form 𝑥𝑥 + 𝑖𝑖𝑖𝑖 where  𝑥𝑥  and  𝑦𝑦  are real numbers.   2 

 

 

 

(b)  The equation 𝑥𝑥2(𝑥𝑥 + 4) = 3(𝑥𝑥 + 6) has only two unique solutions.  

 Find these solutions.             3 

 

 

 

(c)  By writing  𝑥𝑥3

(𝑥𝑥+1)(𝑥𝑥−2)
  in the form   𝑎𝑎𝑎𝑎 + 𝑏𝑏 + 𝑐𝑐

𝑥𝑥+1
+ 𝑑𝑑

𝑥𝑥−2
   ,  find  :   4 

�
𝑥𝑥3

(𝑥𝑥 + 1)(𝑥𝑥 − 2)  𝑑𝑑𝑑𝑑 . 

 

 

Question 11 continues on the next page 
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Question 11 (continued)  

 

(d)  On the Argand diagram below, the point 𝐴𝐴 represents the complex number  𝑧𝑧 such  

that arg(𝑧𝑧) = 11𝜋𝜋
12

 . 

 
Copy the diagram and show on it the points which represent the complex number : 

 

(i)  |𝑧𝑧|           1 

(ii) −𝑧𝑧
𝑖𝑖
           1 

 (iii)  (1 − 𝑖𝑖) 𝑧𝑧 ̅          1 

 

 

(e)  In the diagram below, the line  𝐴𝐴𝐴𝐴  is a tangent to the circle  𝐴𝐴𝐴𝐴𝐴𝐴  with centre  𝑂𝑂. 

The line 𝐵𝐵𝐵𝐵 passes through the points 𝑂𝑂 and 𝐷𝐷 .       

 Show that  𝐴𝐴𝐷𝐷2 − 𝐶𝐶𝐷𝐷2 = 𝐵𝐵𝐵𝐵 × 𝐶𝐶𝐶𝐶.        2 

 

 
   

End of Question 11 
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Question 12 (15marks)  

Use a new sheet of paper  

 

(a)  The base of a solid is the region enclosed by the semi-circle  𝑦𝑦 = √4 − 𝑥𝑥2  and the  𝑥𝑥  axis.   

 Each cross-section perpendicular to the  𝑥𝑥  axis is a right angled isosceles triangle as shown 

 in the diagram. 

Find the volume of this solid.         3 

 

 
 

 

(b)  Find the gradient of the tangent to the curve  𝑥𝑥2 + 𝑥𝑥𝑦𝑦2 = 12  at the point (3, −1).  2 

 

 

(c) Find  :            3 

�
𝑥𝑥

𝑥𝑥2 − 4𝑥𝑥 + 6
 𝑑𝑑𝑑𝑑 

 

 

 

 

Question 12 continues on the next page 
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Question 12 (continued)  

 

(d) The roots of 5𝑥𝑥3 + 7𝑥𝑥2 − 3𝑥𝑥 + 2 = 0  are  𝛼𝛼, 𝛽𝛽  and  𝛾𝛾.     2 

Find the value of  :           

(𝛼𝛼 + 𝛽𝛽)2 + (𝛼𝛼 + 𝛾𝛾)2 + (𝛽𝛽 + 𝛾𝛾)2 

 

 

(e)  The diagram below shows the graph of the function  𝑦𝑦 = 𝑓𝑓(𝑥𝑥).  The 𝑥𝑥 −axis is an 

asymptote for 𝑥𝑥 < 0. 

 

  
 

 Draw a separate half page graph for each of the following functions, showing all asymptotes 

 and intercepts. 

  

 (i)  𝑦𝑦 = 𝑓𝑓(|𝑥𝑥|)          1 

 

 (ii)  𝑦𝑦2 = 𝑓𝑓(𝑥𝑥)           2 

 

 (iii)  𝑦𝑦 = 𝑒𝑒𝑓𝑓(−𝑥𝑥)           2 

 

 

End of Question 12 
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Question 13 (15 marks)  

Use a new sheet of paper  

 

(a)  The graph  𝑦𝑦 = √36 − 4𝑥𝑥2  is shown in the diagram below.    3 

 Use the method of cylindrical shells to find the volume of the solid formed when  

 the shaded region is rotated about the line  𝑦𝑦 = 7.       

 

 
 

(b)  𝑧𝑧  is a complex number satisfying the equation �𝑧𝑧 − √6� = 2√2.  

 

 (i)  Find the minimum value of  |𝑧𝑧|.        1 

 

 (ii)  Find the maximum value of  arg�𝑧𝑧 + √6�.      1 

   

 (iii)  Simplify  �𝑧𝑧 − √6 − 2√2 �
2

+ �𝑧𝑧 + 2√2 − √6 �
2
 .     2 

 

 

 

 

Question 13 continues on the next page 
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Question 13 (continued)  

 

(c)  A car of mass  𝑚𝑚 is traveling at a speed  𝑣𝑣 around a circular bend of radius  𝑟𝑟 which 3

 is inclined at an angle  𝜃𝜃  to the horizontal.    The forces on the car are the normal  

reaction  𝑁𝑁 of the road, the friction  𝐹𝐹 along the road and the gravitational force  𝑚𝑚𝑚𝑚. 

By resolving the forces on the car, show that if the car has a tendency to slip up the 

 road then :            

𝑣𝑣2 sin 2𝜃𝜃
𝑟𝑟(1 − cos 2𝜃𝜃)  > 𝑔𝑔 

 

 
 

 

(d)  The equation of the normal to the hyperbola  𝑥𝑥𝑥𝑥 = 𝑐𝑐2  at  𝑃𝑃 �𝑐𝑐𝑐𝑐, 𝑐𝑐
𝑝𝑝
�  is given by  

 𝑝𝑝3𝑥𝑥 − 𝑦𝑦𝑦𝑦 = 𝑐𝑐𝑝𝑝4 − 𝑐𝑐. 

 

(i)  The normal at 𝑃𝑃 meets the hyperbola again at  𝑄𝑄 �𝑐𝑐𝑐𝑐, 𝑐𝑐
𝑞𝑞
�.  

Show that  𝑝𝑝3𝑞𝑞 + 1 = 0.                        3 

 

 (ii)  Show that   𝑃𝑃𝑃𝑃 = 𝑐𝑐 �𝑝𝑝2 + 1
𝑝𝑝2
��𝑝𝑝2 + 1

𝑝𝑝2
  .      2

     

End of Question 13 
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Question 14 (15marks) 

Use a NEW sheet of paper  

(a)  Using the substitution  𝑥𝑥 = tan𝜃𝜃 ,  find   
cos sin 1

dθ
θ θ +

⌠
⌡

 .     3 

 

(b)  A particle is moving on a horizontal straight line.    The distance  𝑥𝑥 metres from  

 the origin after  𝑡𝑡  seconds is given by the formula   𝑥𝑥 = 3 sin 2𝑡𝑡 + 3√3 cos 2𝑡𝑡 . 

 

(i)  Show that the motion is simple harmonic.      1 

 

(ii)  Find an expression for 𝑣𝑣2 in terms of  𝑥𝑥 , where 𝑣𝑣 represents the velocity of 

 the particle.          2 

 

 

(c)  (i)  Express the derivative of  cos𝑛𝑛−1 𝑥𝑥 sin 𝑥𝑥  in terms of cos 𝑥𝑥.     1 

 

(ii)  Hence, or otherwise, show that  :       2 

� cos𝑛𝑛 𝑥𝑥  𝑑𝑑𝑑𝑑
𝜋𝜋
2

0
=
𝑛𝑛 − 1
𝑛𝑛

� cos𝑛𝑛−2 𝑥𝑥  𝑑𝑑𝑑𝑑
𝜋𝜋
2

0
. 

 

(iii)  Evaluate  :          2 

� cos6 𝑥𝑥  𝑑𝑑𝑑𝑑
𝜋𝜋
2

0
 

 

(d)  A bag contains 3 black discs and 4 white discs.   Two players,  𝑋𝑋 and  𝑌𝑌, play a game where 

they swap turns and randomly select a single disc from the bag.  The first player to draw a 

white disc wins.  Player  𝑋𝑋  is the first person to select a disc from the bag.   

Find the probability of player  𝑋𝑋 winning if : 

 

(i)   the disc is returned to the bag after each selection.     2 

 

(ii)  the disc is NOT returned to the bag after each selection.    2 

 

End of Question 14 
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Question 15 (15 marks)  

Use a NEW sheet of paper  

 

(a)  The tangent at the point  𝑃𝑃(𝑥𝑥1, 𝑦𝑦1) on the ellipse with equation  
𝑥𝑥2

𝑎𝑎2
+ 𝑦𝑦2

𝑏𝑏2
= 1  meets the 

major axis at  𝑇𝑇 and the directrix  𝑑𝑑 at  𝑄𝑄.  𝑃𝑃𝑃𝑃  is perpendicular to the  𝑥𝑥 −axis and  𝑆𝑆  is the 

focus.   𝑆𝑆𝑆𝑆 is perpendicular to  𝑃𝑃𝑃𝑃. 

 

 
Show that : 

 

(i)  the equation of the tangent is 𝑥𝑥1𝑥𝑥
𝑎𝑎2

+ 𝑦𝑦1𝑦𝑦
𝑏𝑏2

= 1.      1 

 

(ii)  𝑎𝑎2 = 𝑂𝑂𝑂𝑂 × 𝑂𝑂𝑂𝑂 .         1  

 

(iii)  ∠𝑃𝑃𝑃𝑃𝑃𝑃 = 90° .          2 

 

(iv)  the lines through  𝑂𝑂𝑂𝑂 and  𝑅𝑅𝑅𝑅  intersect on the directrix  𝑑𝑑.     2 

 

 

 

Question 15 continues on the next page 
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Question 15 (continued)  

 

(b)  (i)  Prove that  2 cos 𝜃𝜃 (cos 𝜃𝜃 + 𝑖𝑖 sin 𝜃𝜃) = 1 + cos 2𝜃𝜃 + 𝑖𝑖 sin 2𝜃𝜃.   1 

 

(ii)  Prove that if  𝑛𝑛 is an integer then : 

 −2𝑛𝑛 cos𝑛𝑛 �𝜋𝜋
𝑛𝑛
� = �1 + cos 2𝜋𝜋

𝑛𝑛
+ 𝑖𝑖 sin 2𝜋𝜋

𝑛𝑛
�
𝑛𝑛

 .    2 

 

(iii)  Simplify : 

 �1 + cos 2𝜋𝜋
𝑛𝑛

+ 𝑖𝑖 sin 2𝜋𝜋
𝑛𝑛
�
𝑛𝑛
− �1 + cos 2𝜋𝜋

𝑛𝑛
− 𝑖𝑖 sin 2𝜋𝜋

𝑛𝑛
�
𝑛𝑛

.  1 

 

 

(c)  (i)  Show that  sin𝐴𝐴 + sin𝐵𝐵 = 2 sin 𝐴𝐴+𝐵𝐵
2

cos 𝐴𝐴−𝐵𝐵
2

 .     2 

 

(ii)  Solve  cos 𝑥𝑥 − sin 𝑥𝑥 = sin 3𝑥𝑥  for  0 ≤ 𝑥𝑥 ≤ 2𝜋𝜋 .     3 

 

 

 

End of Question 15 
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Question 16 (15marks)  

Use a NEW sheet paper  

 

(a)  (i)  Show that  cot 𝜃𝜃 + 1
2

tan 𝜃𝜃
2

= 1
2

cot 𝜃𝜃
2
 .        2 

 

(ii)  Prove by mathematical induction that for integers  𝑛𝑛 ≥ 1  :    3 

� 
1

2𝑟𝑟−1

𝑛𝑛

𝑟𝑟=1

 tan
𝑥𝑥
2𝑟𝑟

=
1

2𝑛𝑛−1
 cot

𝑥𝑥
2𝑛𝑛

− 2 cot 𝑥𝑥 . 

 

 

(b)  𝑧𝑧 is a complex number such that  𝑧𝑧3 = 𝑖𝑖(𝑧𝑧 − 1)3.       3 

Show that 𝑧𝑧 = cos𝜃𝜃+𝑖𝑖 sin𝜃𝜃
cos𝜃𝜃+𝑖𝑖 sin𝜃𝜃−1

  where  𝜃𝜃 = 4𝑘𝑘𝑘𝑘+𝜋𝜋
6

    for   𝑘𝑘 = 0,1,2. 

 

 

(c)  Let  
( )

1

2
0 1

n n
dxI
x

=
+

⌠

⌡

  for  𝑛𝑛 > 1 .     

 

(i)  Prove that  
( ) ( )( ) 12 2

1

1 2 1 1
n n

x dx c
x n x

−= +
+ − +

⌠

⌡

  for  𝑛𝑛 > 1.   2 

 

(ii)  Simplify  
1

(1+𝑥𝑥2)𝑛𝑛−1
− 𝑥𝑥2

(1+𝑥𝑥2)𝑛𝑛
 .       1 

 

(iii)  Show that  𝐼𝐼𝑛𝑛 = 2𝑛𝑛−3
2(𝑛𝑛−1) 𝐼𝐼𝑛𝑛−1 + 1

2𝑛𝑛(𝑛𝑛−1)  .      2 

 

(iv)  Show that  𝐼𝐼𝑛𝑛 ≥ 2−𝑛𝑛  for  𝑛𝑛 > 1.       2 

 

 

End of paper 
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Students need to show that with a 
negative argument then result from 
the previous part can be applied. 



Many students did not use the result 
from the first part to simplify the 
equation. Some students did not get 
all the solutions. 
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